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Abstract. As proposed by Bambi and Modesto, rotating non-singular black holes can be con-
structed via the Newman-Janis algorithm. Here we show that if one starts with a modified Hayward
black hole with a time delay in the centre, the algorithm succeeds in producing a rotating metric, but
curvature divergences reappear. To preserve finiteness, the time delay must be introduced directly at
the level of the non-singular rotating metric. This is possible thanks to the deformation of the inner
stationarity limit surface caused by the regularisation, and in more than one way. We outline three
different possibilities, distinguished by the angular velocity of the event horizon. Along the way, we
provide additional results on the Bambi-Modesto rotating Hayward metric, such as the structure of
the regularisation occurring at the centre, the behaviour of the quantum gravity scale alike an electric
charge in decreasing the angular momentum of the extremal black hole configuration, or details on
the deformation of the ergosphere.
I. Introduction
Non-singular black holes provide an interesting case
study for possible low-energy effects of quantum
gravity. The main idea is that quantum mechani-
cal effects remove the central singularity, while the
observables large scale features such as event hori-
zons and orbiting potential profiles are preserved.
This scenario, appealing by itself as it may cure the
fact that general relativity predicts its own down-
fall, could also provide a simple resolution to the
information-loss paradox (see e.g. [1, 2, 3]), and lead
to observational consequences (see e.g. [4, 5, 6].)
Non-singular black holes have a long history (e.g.
[1, 2, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,
20]), and appear in different contexts such as non-
linear electrodynamics [21], asymptotic safety [22,
23], non-local modified theories of gravity [24, 25],
and loop quantum gravity [26, 27], where a scenario
analogue to the cosmological bounce [28] leads to
the idea of Planck star [29]. The motivations for
the present paper are to extend our knowledge of
these systems and getting them closer to physical
applications, by studying a model of a rotating black
hole with a time delay in its regular centre, a simple
effect to be expected by analogy with internal stellar
structures.
As it turns out, most models in the literature de-
scribe spherically symmetric objects. The simplicity
of the metric helps keeping things under control in a
domain where the classical energy conditions are not
satisfied, and anything and everything can a priori
happen. However, rotation must be included if one
is willing to model physical objects. A well-known
procedure to introduce rotation in general relativ-
ity is the Newman-Janis (NJ) algorithm [30]. In
a seminal paper [31], the algorithm was applied to
Loop Quantum Gravity inspired non-singular black
holes, while in [16], Bambi and Modesto applied it
to both the Hayward [1] and the Bardeen [7] met-
rics, two of the most popular models of non-singular
black holes. Their results show that the algorithm
succeeds in generating a rotating metric, with an
event horizon and an ergosphere, while preserving
a non-singular centre. In Section II, we first review
the Bambi-Modesto model and provide a few more
details on its structure, focusing on the case of the
rotating Hayward metric. In particular, we discuss
how the quantum gravity correction approaches the
two horizons and decreases the value of the angular
momentum of the extremal black hole, in this sense
behaving as an electric charge. Secondly, we show
that the ergosphere is deformed in a way as to in-
crease the velocity rotation thus decrease maximal
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energy extraction, and that the inner stationarity
limit surface acquires an hour-glass shape, with the
consequence that the outer time-like Killing vector
is time-like also in the regular centre. Similar effects
have been reported in [32] for the rotating Bardeen
metric. Of course, being regular the metric could
make sense also beyond the extremal case, in which
there are no more horizons, and the two stationary
limit surfaces merge defining a compact surface with
the topology of a 3-torus.
In Section III, we apply the same algorithm to the
modified Hayward metric proposed in [20], which
features a non-trivial time delay between an asymp-
totic observer and an observer in the centre, as well
as a matching to the expected 1/r3 fall off from the
1-loop corrections [33]. We find that the algorithm
succeeds in generating a rotating metric, however it
reintroduces a singularity in the centre, for no mat-
ter how small the time delay is. Hence, absence of
physical singularities is not a property preserved by
the algorithm in general applications, and a rotat-
ing metric with time delay can not be derived in
this way. In Section IV we show how this difficulty
can be circumvented introducing the time delay di-
rectly in the Bambi-Modesto rotating Hayward met-
ric. This is possible thanks to the deformation of the
inner stationarity limit surface caused by the regu-
larisation. The procedure is however not unique,
and we discuss three possible cases, which have the
same time delay, and are distinguished by the area
and angular velocity of the horizon. For the result-
ing metrics, the Kretschmann curvature invariant
is finite at the centre, but discontinuous, like the
original rotating Hayward metric. Indeed, although
there is some freedom in the time-delay function, we
find that it can never make the Kretschmann invari-
ant continuous. The invariant also shows a bizarre
non-monotonic behaviour with a peak near the in-
ner horizon. The value of the peak depends also
on the time delay, thus requiring that the curvature
be sub-Planckian everywhere gives a bound on the
maximal time delay. The metrics also violate the
weak energy conditions, in both the negativity of
energy density and the magnitude of pressures, but
only in small regions around the inner horizon.
Throughout the paper, calculations of curvature
invariants, their plots and series expansions are per-
formed with Wolfram’s Mathematica and the xTen-
sor package.
II. Non-singular rotating black
holes
In ’65 [30] Newman and Janis observed from the
properties of Weyl curvature and null geodesics con-
gruences, that the physical differences between the
Schwarzschild and Kerr metrics are captured by a
shift r 7→ r + ia cos θ, where J = aM is the angu-
lar momentum of the hole. This led to a famous
algorithm that carries their name and that maps
some solutions to Einstein’s equations to new solu-
tions with non-vanishing angular momentum. The
details of the algorithm are well covered in the lit-
erature (e.g. [34, 35]) and we do not review them
here, but merely state the main result. For a static
seed metric with spherical symmetry in advanced
null coordinates,
ds2 = −f(r)du2 − 2
√
f(r)h(r)dudr + r2d2Ω, (1)
the algorithm gives a non-diagonal metric, given by
guu = −f˜ , gur = −
√
f˜ h˜, gθθ = Σ,
guϕ = a sin
2 θ
(
f˜ −
√
f˜ h˜
)
,
grϕ = a sin
2 θ
√
f˜ h˜,
gϕϕ = sin
2 θ
[
Σ + a2 sin2 θ
(
2
√
f˜ h˜− f˜
)]
.
(2)
Here
Σ = r2 + a2 cos2 θ, (3)
and the tilde over functions means that the following
substitution has taken place,
1
r
7→ r
Σ
, r2 7→ Σ. (4)
The procedure, originally applied to the Reissner-
Nordstrom solution to obtain the Kerr-Newman
one, has later been shown to apply to more gen-
eral metrics of the Kerr-Schild form (albeit not to
all of them), and successfully used to generate new
solutions, see e.g. [36, 34] for reviews.
The idea of Bambi and Modesto [16] is to ap-
ply the algorithm to obtain rotating metrics start-
ing from existing models of spherically symmetric
non-singular black holes. To do so, one needs to
partially extend the algorithm: as one can see from
(4), terms like r and r2 are transformed in a different
way; in non-singular black holes metrics additional
2
powers of r appear, which require independent pre-
scriptions. For instance, Hayward’s black hole [1]
looks like the Schwarzschild metric, for which
f(r) ≡ F (r) := 1− 2m
r
, (5)
where now the massm is replaced by an r-dependent
function given by
M(r) = m
r3
r3 + 2mL2
. (6)
The spacetime is asymptotically flat and m still
measures the ADM mass of the metric, while L is
a quantum gravity parameter of the order of the
Planck scale. The metric obtained from the NJ al-
gorithm has the form (2) with
f˜ = 1/h˜ ≡ F˜ (r) = 1− 2M˜(r, θ)r
Σ
, (7)
and the prescription proposed by Bambi and
Modesto in [16] is
M˜(r, θ) = m
r3+γΣ−γ/2
r3+γΣ−γ/2 + 2mL2rδΣ−δ/2
. (8)
It amounts to splitting r3 = r2r and allowing arbi-
trary mixtures of (4), namely
r3 7→ r3+γΣ−γ/2, γ ∈ R (9)
and further taking into account the freedom that
comes from the different transformation of r and 1/r
that can be deduced from (4). Bambi and Modesto
applied a similar prescription also to the function
M(r) proposed by Bardeen [7], obtaining a second
class of non-singular rotating black holes. In this
paper we restrict attention to the Hayward case. For
more details on the rotating Bardeen hole see [32].
Our main intent is to introduce in the metric a non-
trivial time delay in the center, as already proposed
for the non-rotating case in [20], and further studied
in [37].
The Bambi-Modesto rotating Hayward spacetime
looks like Kerr, with an extra ‘regulating’ factor
induced by (6). A special case of interest which
presents considerable semplications is γ = δ, for
which M˜(r, θ) ≡ M(r). In this case, one can trans-
form to Boyer-Lindquist coordinates, with a single
off-diagonal entry in the metric,
ds2 = −
(
1− 2M(r)r
Σ
)
dt2 (10)
− 4aM(r)r sin
2 θ
Σ
dtdφ+
Σ
∆
dr2 + Σdθ2
+ sin2 θ
(
r2 + a2 +
2a2M(r)r sin2 θ
Σ
)
dφ2,
where
∆ := r2 − 2M(r)r + a2 = 0. (11)
In general, it is the θ-dependence in M˜(r, θ) that
prevents this step, see [16] for details.
For any γ and δ, the metric describes an asymp-
totically flat spacetime, with a time-like and a
space-like Killing vectors, and associated conserved
charges given by the mass m and the angular mo-
mentum per unit of mass a. It has an outer and
an inner horizon, and two stationary limit surfaces.
This is all very similar to Kerr’s metric, which is
promising for astrophysical applications [38, 39].
The most important difference is, however, that the
metric is everywhere regular. The singularity theo-
rems are avoided because the energy conditions are
violated. In the rest of this section we look at this
metric in some detail, reviewing and at places con-
tinuing the analysis of [16].
Regular but discontinuous center. The
Bambi-Modesto spacetime has no curvature sin-
gularities, as can be seen looking for instance at
the Kretschmann invariant, K := RµνρσRµνρσ. Its
behaviour for r 7→ 0 was given in [16], and it is
finite as desired, but discontinuous: approaching
r = 0 along the equator, on finds K = 24/L4,
whereas approaching the centre away from the
equator K vanishes identically.1 A numerical
plot, see Fig. 1, confirms this discontinuity, and
shows that the value in zero at the equator is the
absolute maximum of K. This is useful, because in
order to make sense as semiclassical metrics, such
non-singular black holes must have sub-Planckian
curvature everywhere. Notice that the maximum is,
quite surprisingly, the same as for the non-rotating
1The same discontinuity was previously observed in a
model of regular rotating black hole proposed in [40], mo-
tivated by non-commutative geometry. In that scenario, it is
possible to remove both the singularity and the discontinuity
with a rotating string of Planckian tension replacing the ring
singularity.
3
Figure 1. The Kretschmann invariant K for the Bambi-
Modesto metric in the case γ = δ with m = 100, a = 60
and L = 1 (in Planck units), with inner horizon located at
r−/m ' 0.2 and the event one at r+/m ' 1.8. Notice the
discontinuity at r = 0, and the matching of the maximum
value with the non-rotating case, 24/L2.
Hayward metric, so the request of sub-Planckian
curvature imposes the same lower bound on L to a
few units of the Planck length.
Let us comment some more on the discontinuity.
The regular behaviour was referred to as a ‘de Sitter
belt’ in [16], and indeed, in the non-rotating Hay-
ward case, the regularisation of the central singu-
larity is achieved via a de Sitter behaviour near the
origin. One may then expect that the ring singular-
ity of the Kerr solution is regularised by a rotating
de Sitter behaviour near the origin. However, this
is not quite the case. First of all, when one applies
the NJ algorithm to de Sitter, one does not obtain
the conventional rotating de Sitter metric (defined
setting m = 0 in the Kerr-de Sitter metric of [41]),
but rather a metric of type (2) which gives a non-
trivial energy-momentum tensor, and thus does not
solve the vacuum Einstein’s equations with cosmo-
logical constant.2 Secondly, to make things more
complicated, it turns out that the Bambi-Modesto
metric does reproduce this NJ-de Sitter behaviour
near the origin, but only at the equator. Away from
2Indeed, this is a typical example in which the NJ algo-
rithm does not work in its original meaning, in the sense that
it produces a metric that does not solve the same Einstein’s
equations as the seed metric.
the equatorial plane, the behaviour is completely
different. This can be easily understood because
of the dependence on γ and δ which is absent in
the NJ-de Sitter case which only requires the ba-
sic prescription (4). But even in the case γ = δ,
we have for instance guu ' −1 + r4/(a2 cos2 θL2)
for the Bambi-Modesto metric, whereas the NJ-de
Sitter has guu = −1 + ΛΣ/3, where Λ is the cosmo-
logical constant.
We conclude from this discussion that the blind
application of the NJ algorithm can introduce non-
trivial structures which are hard to guess from the
seed metric. The divergences we will find later on
provide an additional example.
Horizons. The Bambi-Modesto metric is basi-
cally Kerr withm replaced byM(r), so the positions
of the horizons is given by the usual formula,
∆˜ := r2 − 2M˜(r, θ)r + a2 = 0. (12)
The degree of this polynomial equation in r is now
dependent on the parameters γ and δ. To give an
explicit treatment, we focus on the case γ = δ,
for which the θ-dependence drops and the equation
is quintic. Numerical investigations show that for
L m the equation has at most two real and pos-
itive solutions. As for Kerr, increasing the angular
momentum makes the two horizons approach, un-
til they merge for some extremal value aex(m,L).
This is smaller than the Kerr value, aex = m, and
decreases with L, see Fig. 2. It thus has the same
qualitative effect of the of adding an electric charge
to a Kerr black hole.
As in our motivations L is close to the Planck
scale, we can solve (12) perturbatively in L/m 
1, and provide analytical details to the numerical
results. This gives the approximate locations
r± = r
(0)
± + ±L
2 + o(L3), (13)
where
r
(0)
± = m±
√
m2 − a2 (14)
are the usual locations of the horizons of a Kerr
black hole, and where
± =
2m2r0±
−mr0±(4m2 − 3a2) + a2(2m2 − a2)
. (15)
The outer and inner correction terms have differ-
ent properties. It can be easily checked that + is
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Figure 2. The relation between horizons radius and the
parameter a/m for different values of the parameter L. In-
creasing L makes the locations of the horizons converge
and decreases the extremal value. A functional dependence
aex(m,L) can be deduced interpolating the maxima of this
plot.
always negative for a ≤ m, while − is always posi-
tive. Hence, the two horizons approach each other,
in agreement with the numerical analysis shown in
Fig. 2. Secondly, |+| < 1 for a ≤ m, so the ap-
proximated solution is valid no matter the value of
the angular momentum. On the other hand, − can
become large in the slowly rotating limit, so the ap-
proximation breaks down. Indeed, for a/m 1 we
have
r+ ' 2m− L
2
2m
, (16)
r− ' a
2
2m
+ L2
(
1
2m
+
8m3
a4
)
. (17)
From the first approximation, we can also see that at
first order, the introduction of L has the same effect
of a an electric charge Q = 2L. Finally, the first
order result can be used to compute the approximate
area of the event horizon,
AH = 16pim(r
(0)
+ )
2
[
1− L
2
m(r
(0)
+ )
3
(18)
×
(
2m2 − +[(6m2 − a2)r(0)+ − 3ma2]
)]
.
Ergosphere. The stationary limit surfaces are de-
fined by the vanishing norm of the time-like Killing
vector, which as in Kerr, turns out to be given by
∆˜− a2 sin2 θ = 0. (19)
Also this equation has at most 2 real positive solu-
tions for L m, which are θ-dependent, see Fig. 3
for an example. The deformation induced by L is
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Figure 3. Positions of the horizons (red) and stationary
limit surfaces (blu), in the r−θ plane. Here γ = δ,m = 100,
a = 95 and L = 10 (in Planck units), a configuration below
the extremal case. As we approach the extremal case, the
two horizons draw near and the hour-glass shape of the
stationarity limit surfaces is enhanced.
similar to that of the horizons: the outer station-
arity limit surface shrinks, while the internal one
grows. The effect is stronger at the equator, and
deforms the typical number-eight shape of the inner
surface into an hour-glass shape. A similar defor-
mation occurs with the rotating Bardeen black hole
[32]. This has the consequence that the same Killing
vector is time-like outside the outer stationary limit
surfaces and inside the inner one, a fact that will
play a important role later on.
As for the horizons, we can solve perturbatively
(19) in the case γ = δ. The approximate locations
of the stationary limit surfaces are
rE± + η±L
2 + o(L3), (20)
where
rE± = m±
√
m2 − a2 cos2 θ (21)
are the usual locations in a Kerr black hole, and
η± = − 2m
(rE±)2
(rE±)2 + a2 cos2 θ
(rE±)2 − a2 cos2 θ
. (22)
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Expanding for a m, we get
η+ ' − 1
2m
(
1 +
a2
m2
cos2 θ
)
, (23)
η− ' 8m
3
a4
1
cos4 θ
+
1
2m
(
1 +
a2
m2
cos2 θ
)
. (24)
We see that the approximation to the outer surface
is valid for all a ≤ m, whereas for the inner one it
is only valid provided m ≥ a > √mL/ cos θ. Notice
that at the equator the position of the outer station-
arity limit surface matches the position of the event
horizon of the non-rotating hole, as can be checked
from (20) and (22). The same relation exists be-
tween the Kerr and Schwarzschild metrics.
Among the consequences of a deformed ergo-
sphere, there is Penrose’s energy extraction process.
The angular velocity of the horizon is
ΩH := − gtφ
gφφ
∣∣∣∣
r+
=
a
(r
(0)
+ )
2 + a2
(1− L2+), (25)
which is faster than Kerr for the same values of m
and a. As a consequence, the maximal extraction of
angular momentum, δJ = δM/ΩH , decreases.
Of course, being regular the metric could make
sense also beyond the extremal case, in which there
are no more horizons, and the two stationary limit
surfaces merge defining a compact surface with the
topology of a 3-torus, see Fig. 4. The astrophysi-
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Figure 4. The shape of the ergosphere in the ultra-
extremal case. The horizons have disappeared, and the
two stationary limit surfaces merge in the boundary of a
3-torus region.
cal applications of such a metric are not clear, but
given the absence of a singularity it is not obviously
mandatory to peel away the excess angular momen-
tum. It would then be worth investigating whether
these configurations can be the end state of gravita-
tional collapse in modified theories of gravity.
Energy Conditions. We have already seen that
parts of the Bambi-Modesto metric have a de Sitter-
like behaviour, thus violating the strong energy con-
dition. It is well known that this type of non-
singular black holes may also violate the weak en-
ergy condition. While this is not the case for Hay-
ward’s metric, it is so for the modified Hayward
with a time delay in the centre [20], and also for
the Bambi-Modesto [16]. The latter analysis is not
straightforward, as the energy-momentum tensor is
not diagonal in the initial coordinate system. But
at least for the case γ = δ, it was explicitly shown
in [16] that it can be diagonalised in two steps.
First, projecting the components on the co-rotating
tetrad of [42], for which the energy-momentum ten-
sor has a single non vanishing off-diagonal compo-
nent. Then, finding a Lorentz transformation to
complete the diagonalisation.3 This turns out to
be a pure rotation in between the horizons, and
a pure boost outside. As we show in Appendix
A, the required boost is only admissible if in the
projected indices |T 03/(T 00 + T 33)| < 1/2, which
puts (point-dependent) bounds on the parameters
(m, a, L). The bound can be satisfied for a large
range of realistic values of the parameters (that is,
L  a < m), thus diagonalisation is possible in
general, and the usual definition of the weak energy
condition applies, ρ ≥ 0, ρ+ pi ≥ 0, with (in the in-
ternal indices of the tetrad) T 00 = ρ and T ij = piδij .
In Fig. 5 we plot the weak energy condition obtained
in this way, which confirms that the violation is
confined to the principal pressures, and to a region
around and inside the inner horizon. We also show
that although the energy density is always positive,
it is discontinuous at r = 0, in agreement with K.
When the above bound is violated, one may still
try to find a different tetrad allowing to diagonalise
the energy-momentum tensor, or at least to put it
in one of the other canonical forms of [43, 44], in
which the energy conditions can be explicitly given
as a set of inequalities.
3To be precise, in [16] the authors consider a mixing of
the tetrads that does not preserve the norms, and thus is
not a Lorentz transformation. We believe however that their
procedure amounts to a Lorentz transformation plus at most
a permutation of the internal indices, and thus that their
definitions of energy density and pressures coincide with ours.
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Figure 5. Energy density and violation of the weak energy condition in one of the principal pressure, for the rotating
Hayward spacetime with m = 500, a = 100, L = 3 (in Planck units). The inner horizon is located at r−/m ' 0.04 and
event horizon at r+/m ' 2. Both plots feature the same discontinuity at r = 0 as for K.
III. Introducing a time delay
before the NJ algorithm
We now come to the main motivation for our work,
that is the introduction of a non-trivial time de-
lay between the regular center and spatial infinity.
Indeed even a regular star, described for instance
by the Schwarzschild interior solution with constant
density, features a time delay – dependent on the
mass and the radius of the star – between the core
and spatial infinity, simply due to the fact that the
star is not empty inside. Similarly, we expect that
if a regular black hole represent a reasonable space-
time following on gravitational collapse of matter,
it should allow for such a non-trivial time delay. In-
stead, an observer in the regular centre of the Hay-
ward metric experiences no time delay with respect
to an observer at infinity,
(δt∞ − δt0)/δt∞ = 1−
√
|g00(r = 0)| = 0. (26)
In [20], it was suggested to modify the Hayward met-
ric in order to introduce a time delay requiring
− g00(r = 0) = 1− α, α ∈ [0, 1). (27)
The larger α, the greater the time delay. This was
achieved modifying g00 with an extra factor, leading
to a metric of the form (1) with f(r) = F (r)G(r)
and h(r) = 1/F (r), where F (r) is of the Hayward
type, and G(r) a function subjected to a number
of conditions. As a case study, a suitable function
giving (27) while preserving all other features of the
Hayward metric (regularity and de Sitter core, hori-
zon and asymptotic structures) was taken in the
form of
G(r) = 1− βmα
α r3 + βm
, G(0) = 1− α. (28)
Following Bambi and Modesto’s idea, we apply
the Newman-Janis algorithm to this modified Hay-
ward metric, using in particular the prescription (8)
for G(r). We obtain a metric of the type (2), with
f˜(r) = F˜ (r)G˜(r) and h˜(r) = 1/F˜ (r), describing a
rotating black hole with mass m and angular mo-
mentum a, as desired. Furthermore, since G(r) has
no zeroes, the location of the horizons and stationar-
ity limit surfaces are unchanged. However, it turns
out to have a curvature singularity in the centre,
unlike the seed metric.
To show this, let us first consider the case γ = δ,
in which both M(r) and G(r) receive no deforma-
tions from the NJ algorithm. A power series ex-
pansion near θ = pi/2 of the Kretschmann scalar
evaluated at the origin gives
K|r=0 ∼ c1
(θ − pi2 )6
+
c2
(θ − pi2 )4
+
c3
(θ − pi2 )4
+O(1),
(29)
7
where the coefficients of the diverging terms are
given by
c1 =
8
a4
(
α+ 2
√
1− α− 2),
c2 =
4
a4
(
80− 80√1− α− 84α
+ 44α
√
1− α+ 11α2),
c3 =
8
15 a4
(
404 (1−√1− α)
+ (220
√
1− α− 422)α+ 55α2) .
The three coefficients have to vanish simultaneously
for K to be finite, and by inspection, it is easy to
see that the only real solution is α = 0. That is,
G(0) = 1 and no time delay is allowed.
One may then ask whether a different G(r) would
work. Notice that a different function with a pri-
ori more powers of r appearing means also more
freedom than (4) and (8) in the complexification
procedure. Let us assume that whatever the com-
plexification procedure is, it does not introduce a
dependence on θ. Then, taking an arbitrary G˜(r),
and keeping γ = δ so that M(r) is not modified,
the power series expansion near the equator has the
same form (29), where the coefficients are now func-
tions of G˜(0), G˜′(0) and G˜′′(0). Their explicit form
is too long to be reported here, but details are given
in Appendix B. The key point is that the system
c1 = c2 = c3 = 0 admits again a unique real solu-
tion given by G˜(0) = 1.
In the case γ 6= δ an explicit evaluation of the
power series is not possible, because γ and δ appear
as powers of r. However, the proof of existence of
divergences can be extended by a simple argument
that exploits the matching of the metric and its first
derivatives with the γ = δ case. Details are again
reported to the Appendix C. The only case that we
leave open is an arbitrary seed function or complex-
ification procedures such that G˜ = G˜(r, θ). In this
case, we are not able to explicitly evaluate the ana-
lytic behaviour of the Kretschmann invariant at the
core, and the argument used in the Appendix does
not apply since the metrics and first derivatives do
not match.
We conclude that, with the possible exception of a
θ−dependent time delay function, the NJ algorithm
applied to the modified Hayward metric with a time
delay in the centre gives a rotating singular black
hole.
IV. Introducing time delay after
the NJ algorithm
Since we could not obtain the desired metric apply-
ing the NJ algorithm to the non-rotating one, the
alternative solution is to introduce a time delay di-
rectly at the level of the rotating Bambi-Modesto
metric. To that end, let us restrict ourselves to the
special case γ = δ, where we can use the metric in
the Boyer-Lindquist form, as in equation (10). As
discussed above in the analysis of the ergosphere,
the deformation of the inner stationarity limit sur-
face guarantees that time in the centre is still mea-
sured by g00(0), so it is possible to proceed as in the
spherically symmetric case, introducing a function
G(r) modifying g00(0). However, there are now dif-
ferent natural choices, since the non-diagonal struc-
ture of the metric mixes t and φ:
(i) g00 7→ G(r) g00, modifying only the dt2 term in
the metric.
(ii) dt 7→ √G(r) dt, modifying both the dt2 and
dtdφ terms.
(iii) dt 7→ √G(r) dt and dφ 7→ √G(r) dφ, modify-
ing also the dφ2 term.
All three cases lead to the same time delay in the
centre, (27), and do not modify neither the position
of the horizons, nor of the stationarity limit surfaces.
On the other hand, they can be physically charac-
terised looking at the frame dragging they induce.
This is given by
ω = − gtφ
gφφ
(30)
which is unchanged in cases (i) and (iii), while it
peaks up a factor
√
G(r) in case (ii). Hence, also
the angular velocity of the horizon ΩH in eq. (25),
and thus the maximal energy extraction via the Pen-
rose process, are modified. As G(r) < 1, the effect
of introducing a time delay in this way is to reduce
the angular velocity. Case (iii) can then be distin-
guished from (i) looking at the horizon area. We
also point out that while case (i) may appear the
simplest, it is harder to find a co-rotating tetrad for
it, as the family proposed in [42] does not adapt in
a simple way.
Notice that the metrics obtained in this way are
not of type (2). In particular, the time-delay func-
tion appears in at most three components, and in
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a less involved way than when introduced through
the NJ algorithm. The power series expansion of
K still has the structure (29), but the coefficients
change significantly. Their explicit expressions in
terms of G(r) and its derivatives are reported in
Appendix B. As we show there, it is possible to
have c1 = c2 = c3 = 0 with G(0) 6= 1, provided
that the first two derivatives of G(r) vanish in the
limit r → 0. Due to the possible discontinuity of
K, we also have to impose the finiteness of K as we
approach the centre along the equatorial plane. A
power series expansion in r at the equator gives
K|θ=pi/2 ∼
6∑
n=1
d(n)
rn
+O(1), (31)
with the coefficients of the six divergent terms re-
ported in Appendix B. As shown there, they can be
all put to zero as long as the first three derivatives of
G(r) vanish in r = 0. Hence, a time delay is after all
compatible with rotation and absence of singularity,
if one introduces it in this way.
Interestingly, the first finite term of the two ex-
pansions can never be made to match. Indeed, the
first finite term of (29) is always zero, whereas that
of (31) is a function of G(0) and its fourth deriva-
tive G(4)(0), quadratic in the latter but with no real
zeros. Hence, the discontinuity of the Kretschmann
invariant can not be resolved with a time delay func-
tion. The Hayward value limr 7→0K|θ=pi/2 = 24/L4
is again recovered for G(4)(0) = 0.
Although the explicit form of the coefficients dif-
fer, the conclusions on the finiteness conditions and
the discontinuity hold for all three cases (i-iii).
The finiteness requirements discussed above im-
pose the vanishing of one derivative more that in the
static case [20], so we can not use the profile (28).
Of course, there is an infinite freedom in choosing a
function with the required vanishing derivatives and
unity asymptote at spatial infinity. In the static case
it was also useful to require monotonicity in r, as it
was a necessary – but not sufficient – condition to
preserve the weak energy condition [12, 20]. Pre-
serving the weak energy condition in the rotating
case appears far from obvious (see e.g. the analy-
sis of [45]), but we still appreciate the monotonicity
condition, so that 0 < G(r) < 1 and the main large
scale features are still controlled by F˜ (r), and we
hope that it also helps minimising the violations.
Accordingly with the above conditions, we choose a
new time-delay function given by
G(r) = 1− α+ α exp
[
−βm
αr3
]
(32)
(extended by continuity at r = 0). Here α is the
same time delay parameter as in (27), and β a coef-
ficient parametrising the 1/r3 large scale behaviour.
The numerical evaluation of the Kretschmann
scalar for (32) in case (ii), is shown in Fig. 6. It
Simone SpezialeSimone SpezialeSimon  Sp ziale
Figure 6. The Kretschmann invariant K for the rotating
Hayward metric with a time delay given by (32), with (in
Planck units) m = 5000, a = 40, L = 9, α = 0.8 and
β = 41/(10pi). The (discontinuous) peak at r = 0 shown in
the zoomed panel on the left is now dwarfed by the abso-
lute maximum that develops just outside the inner horizon,
located at r−/m ' 0.004. Notice also the negative values
between the two maxima. Both features are also present in
the non-rotating metric with time delay at the centre.
is finite everywhere, as expected. Notice that it has
a non-monotonic behaviour, and a maximum dis-
placed from the centre to just outside the inner hori-
zon. The same two effects occur in the non-rotating
case, and it is a clear feature of having |g00| < 1. As
we change the value of the parameters, the value of
the maximum can exceed 1 in Planck units. Hence,
again as in the static case, there will be an upper
bound on the allowed time delay imposed by the
requirement of a sub-Planckian curvature.
The energy-momentum tensor defined by this
metric is not diagonal. To study the weak energy
condition, we proceed as in [16], and use the co-
rotating tetrad of [42] to simplify the analysis. How-
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Figure 7. Top panels: The energy density and a representative ρ + p2 weak energy condition for the rotating metric
with a time delay given by (32), case (ii), with (in Planck units) m = 500, a = 5, L = 3, α = 0.9 and β = 41/(10pi).
The weak energy condition is violated only in the principal pressures, in a region just outside the inner horizon located at
r−/m ' 0.009. The event horizon is at r+/m ' 2, and the energy momentum tensor goes smoothly to zero well before.
The voids correspond to regions where the energy-momentum tensor can not be diagonalised with the co-rotating tetrad.
Some numerical noise is present at the boundary of the void regions. Bottom panels: Negative energy density appearing
for m = 105, a = 50, L = 4, α = 0.8 and β = 41/(10pi), with inner horizon at r−/m ' 0.00014 and event horizon at
r+/m ' 2.
ever, this tetrad only works for cases (ii) and (iii), to
which we restrict attention. The numerical analysis,
of which we report in Fig. 7 two typical cases, shows
that the energy-momentum tensor goes smoothly to
zero at large scales, but the weak energy condition is
again violated in a zone inside and around the inner
horizon. The energy density profile also changes, in
agreement with the non-monotonic behaviour of K,
and discontinuities are present at r = 0. For some
values of the parameters, the weak energy condition
can also be violated by regions of negative energies,
again only in the vicinity of the inner horizon, see
10
bottom panel of Fig. 7.
Notice also from the figure the presence of void
zones. These correspond to places where the energy-
momentum tensor can not be diagonalised starting
from the co-rotating tetrad. Indeed, the energy-
momentum tensor projected on the co-rotating
tetrad has two non-vanishing off-diagonal compo-
nents, as opposed to the single one of the Bambi-
Modesto metric. As a consequence, diagonalis-
ing it requires a boost also in between the hori-
zons, with the corresponding additional restriction
|T 12/(T 11 + T 22)| < 1/2. While in the case without
time delay the point-dependence was rather weak,
having now one more condition imposes strong limi-
tations on the procedure: for the same generic range
of parameters we always find some finite region, ei-
ther in between the horizons or outside, where the
energy-momentum tensor is not diagonalisable with
the co-rotating tetrad. This shows up in the void
zones in the numerical plots.
Let us finally comment on the parameter β. A
1/r3 decaying factor is predicted by the 1-loop cor-
rections in perturbative quantum gravity, for both
the Schwarzschild and the Kerr metrics [33]. This
factor is missing in the static Hayward case, whose
corrections begin at 1/r4, thus the function G(r)
also allows to match the 1-loop correction, suitably
fixing the parameter β with the calculations of [33].
The Bambi-Modesto metric already has corrections
in 1/r3 (for instance g00 has ma2 cos2 θ/r3), but one
still needs to add a further correction if the result
of [33] is to be reproduced. There is actually one
difficulty in doing so explicitly: the perturbative
quantum gravity calculations are performed in the
harmonic gauge, and finding it in our case requires
solving a differential equation that can be done only
numerically. For this reason, we refrain from at-
tempting such a matching here, and we leave the
question open for future work.
V. Conclusions
Non-singular black holes are interesting low-energy
models of quantum gravity theories, with applica-
tions to the understanding the final stages of Hawk-
ing evaporation and the information loss paradox,
which are among the main motivations for intro-
ducing them, see e.g. [1, 13, 2, 46]. Following on
the analysis of [47], it is possible to see [48, 49] that
simple evaporation models based on the spherically
symmetric Hayward metric do not satisfy energy
conservation laws or existing purification bounds
such as those of [50]. Hence, more work is needed
towards the construction of a physically acceptable
metric, and we hope that the results of this paper
are a small step in that direction.
To summarize our results, we investigated the
Bambi-Modesto metric for a rotating, regular black
hole. We exhibited the role of the quantum grav-
ity parameter in approaching the horizons, decreas-
ing the maximal angular momentum of the ex-
tremal case, and deforming the ergosphere. We then
showed that the Newman-Janis algorithm produces
a singularity in the curvature when applied to a non-
singular black hole with a time delay in the centre.
Finally, we showed how it is possible to introduce
the time delay directly at the level of the rotating
metric. The procedure is not unique, and we char-
acterised the different possibilities in terms of the
area and velocity of the horizon.
Regularising a black hole metric of course also
means taking seriously the whole spacetime region
inside the event horizon, dealing with the inner
Cauchy horizon and with the possible existence of
closed time-like curves. Using (10) or the modified
versions with a time delay, it is easy to see that there
are no closed causal curves with r always positive.
In the Kerr solution, closed time-like curves appear
for path crossing to the r < 0 maximal extension
of the spacetime. It would indeed be interesting to
study the geodesics equation of the non-singular ro-
tating metrics, to understand the consequences of
the discontinuity in the curvature invariants and
whether extensions of the spacetime may arise in
spite of the absence of singularities. We leave this
question open for future work.
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A. Diagonalising Tµν
The co-rotating tetrad eIµ of [42] in the Bambi-
Modesto metric has norms given by
gµνeIµe
J
ν =
{
(−Sign(∆˜),Sign(∆˜), 1, 1) if I = J
0 if I 6= J
(33)
The corresponding Einstein tensor defines a non-
diagonal energy-momentum tensor of the form
T IJ =

i 0 0 j
0 k 0 0
0 0 l 0
j 0 0 n
 . (34)
We then ask whether it is possible to diagonalise
this tensor with a Lorentz transformation. To that
end, we can concentrate on the 2-by-2 block with
I = 0, 3. The transformation will have to be either
a simple rotation, when Sign(∆˜) = −1, between the
event and the Cauchy horizons, or a boost, when
Sign(∆˜) = +1 in the rest of the spacetime. Consider
first the latter case. The most general (1 + 1) boost
reads
ΛIJ =
(
cosh η sinh η
sinh η cosh η
)
. (35)
The condition D03 = 0, where DIJ = ΛIKTKLΛJL,
reduces to
tanh η = − 2j
i+m
(36)
and implies ∣∣∣∣− 2ji+m
∣∣∣∣ < 1 (37)
in order for the transformation to be valid, which
in turn imposes conditions on the parameters of the
metric. In between the horizons, since the trans-
formation is a rotation, this problem does not arise
because condition (36) is replaced by
tan η = − 2j
m− i (38)
which can be always satisfied. When condition (37)
is not satisfied – notice that this may also hap-
pen locally, as the coefficients in (37) are spacetime
functions –, it is not possible to diagonalize the en-
ergy momentum tensor starting from the co-rotating
tetrad. Therefore, we need to start from scratch to
find the good orthonormal basis. This is generally
a not easy task and we do not address this problem
here.
When a time delay is introduced, for cases (ii) and
(iii) is still possible to define the co-rotating tetrad
with the norms given in eq. (33). In these cases,
however, the transformed energy-momentum tensor
T IJ has two non-null components out of the diago-
nal, namely T 03 and T 12. To diagonalize it, there-
fore, we need now to combine a boost and a rotation
for the two different 2-by-2 blocks according to the
sign of ∆˜. This introduces the same condition (37)
when Sign(∆˜) = −1, together with a similar one for
the 1 − 2 block of the tensor in the opposite case.
The additional condition imposes strong limitations
on the procedure, so that for the same range of pa-
rameters we now typically have finite regions where
the energy-momentum tensor is not diagonalisable
with the co-rotating tetrad. This shows up in the
void zones in the numerical plots. The void regions
can be either in between the horizons or outside,
depending on the value of the parameters.
B. Coefficients of the K expansion
We report in this Appendix various coefficients of
power series used in the main text. For the expan-
sion (29), we have
c1 =
1
a4G(0)
[
8G(0)
(
2
√
G(0)−1−G(0)
)
+a2G′(0)2
]
,
and the other two, c2 and c3, are functions of G(0)
and its derivatives up to the second order, too long
to be written here. However, once the solution for
c1 = c2 = 0 is plugged into the equation c3 = 0,
one gets the following relatively simple equation for
G(0),
G(0)
(
100
√
G(0)− 21)
−G(0)2(51G(0)− 44√G(0)− 86)
+ Γ
(
1−G(0)) = 0, (39)
where the function Γ is defined by
Γ2 := 32G(0)2 (
√
G(0)−1)2(55G(0)+10
√
G(0)−9) .
The only positive solution of eq. (39) is G(0) = 1.
On the other hand, when the time delay is intro-
duced after the NJ procedure, non-trivial solutions
exist. The expansion still has the structure (29),
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but with different coefficients. Both cases (i) and
(ii) give the same result,
c1 = 2
G′(0)2
a2G2(0)
,
c2 =
(G′(0)2 − 2G(0)G′′(0))2
4G(0)4
c3 =
2
3
c2 − 4 G
′(0)2
15a2G(0)2
which can be all made to vanish forG′(0) = G′′(0) =
0, while keeping an arbitrary G(0) 6= 0. While the
coefficients are slightly different in case (iii), their
vanishing leads to the same condition.
Finally, the coefficients of the equatorial expan-
sion (31) are much longer. Explicitly for case (ii),
the first three read
d6 =
2a4G′(0)2
G(0)2
,
d5 =
a4G′(0)
G(0)3
(2G(0)G′′(0)− 3G′(0)2),
d4 =
a2
4G(0)4L2
[
16a2G(0)2G′(0)2
+ L2
[
4a2G(0)2G′′(0)2 +G′(0)2
(
13a2G′(0)2
− 16a2G(0)G′′(0) + 8G(0)2
)]]
.
These vanish iff the first two derivatives vanish.
With this condition, d3 ≡ 0 and
d2 =
G(3)(0)2
2G(0)2
,
which gives the additional condition G(3)(0) = 0 for
the third derivative. Finally, the three conditions
all together make d1 vanish.
C. Divergence for γ 6= δ
In Section IV and the previous Appendix, we showed
that introducing a time delay in the rotating case
by applying the NJ algorithm to the metric of [20]
unavoidably leads to a divergent K, for any func-
tion G(r) and for a complexification such thatM(r)
and G(r) are unchanged, as choosing γ = δ in the
Bambi-Modesto prescription. When γ 6= δ, the de-
pendence on r and θ is too complicated to be han-
dled explicitly, and we can not derive a power se-
ries expansion near zero. However, the divergence
can be established with an indirect argument. In
fact, notice that at the equator, where the diver-
gence lurks, the metric for γ 6= δ coincides with the
metric for γ = δ. Furthermore, also the first deriva-
tives coincide, and most of the second derivatives.
The only terms that differ are second derivatives in
θ of three metric components. Explicitly,
∂2θ (g−g¯)
∣∣
θ=pi
2
= (γ−δ)8a
2m2L2G(r)
(4mL2 + r3)2
×

−1 (uu)
a (uφ)
−a2 (φφ)
where g is the metric for γ 6= δ, while g¯ is the one
with γ = δ.
Hence, the Riemann tensors evaluated at the
equator only differ in the terms of type Rµθθν , and
the difference of the Kretschmann invariants is
(K − K¯)∣∣
θ=pi
2
= 8RµθθνAµ
ν + 2AµνAµν , (40)
where
Aµν :=
1
2
g¯µλ ∂2θ (gλν − g¯λν)
∣∣
θ=pi
2
. (41)
The latter quantity is zero except for the u and
φ components and, more importantly, it is finite.
Eq. (40), therefore, tells us that the divergence of
one implies the divergence of the other.
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